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A group L is primitive monolithic if L has a unique mini-
mal normal subgroup, N , and trivial Frattini subgroup. By
PL,N (k) we denote the conditional probability that k ran-
domly chosen elements of L generate L, given that they
project onto generators for L/N . In this article we show that
PL,N (k) is controlled by PY,S(2), where N ∼= Sr and Y is
a 2-generated almost simple group with socle S that is con-
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various types of information about the generation of arbitrary
ﬁnite and proﬁnite groups.
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1. Introduction
A group L is primitive monolithic if L has a unique minimal normal subgroup N ,
and trivial Frattini subgroup. By PL,N (k) we denote the conditional probability that k
randomly chosen elements of L generate L, given that they project onto generators for
L/N , and by d(L) we denote the cardinality of the smallest generating set for L.
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detailed analysis of the behavior of PL,N (d(L)) when L is almost simple [14]. Although
these bounds were strong enough to solve a series of open problems on the generation of
ﬁnite groups, an interesting question arises from [14] and [6]: is it true that if k  d(L)
then PL,N (k) is bounded below by the conditional probability PY,S(2)? Here Y is a
2-generated group such that S  Y  NL(S1)/CL(S1)  AutS, with N ∼= S1×· · ·×Sr ∼=
Sr. By [14], PY,S(2)  53/90 and indeed PY,S(2)  0.9 apart from very few exceptions,
so a lower bound PL,N (k)  PY,S(2) can be considered quite satisfactory. In any case, a
positive solution would allow a neater and more eﬃcient formulation of the results in [6].
In fact, the only remaining case to prove is when k = r = 2, which needs a deeper
insight into the structure of almost simple groups. By [3], if X is almost simple with
socle S, then d(X) = max(2, d(X/S))  3. In Section 4 of [6] it is shown that in order to
settle our conjecture, it would suﬃce to prove that every almost simple group X satisﬁes
the following property P: there exists a 2-generated subgroup Y , with S = socX  Y  X
and
PX,S(3) − PY,S(2)  |OutS||S| . (1)
In the present paper we prove that indeed all the ﬁnite almost simple groups have
this property:
Proposition 1.1. Every ﬁnite almost simple group has property P.
This immediately allows us to settle the conjecture and give a positive answer to our
question.
Theorem 1.2. Let L be a primitive monolithic group with non-abelian socle N ∼= S1 ×
· · · × Sr, and identify S with S1. If k  d(L) then there exists a 2-generated group Y
with S  Y  NL(S1)/CL(S1)  AutS such that PL,N (k)  PY,S(2).
Let G be a ﬁnite group, and let L be monolithic with socle N . We deﬁne the crown-
based power of L of size t to be
Lt =
{
(l1, . . . , lt) ∈ Lt
∣∣ l1N = · · · = ltN}.
In [4] it was proved that there exist a primitive monolithic group L and a positive
integer t such that the crown-based power L of size t is an epimorphic image of G, and
d(G) = d(Lt). Clearly, d(Lt) increases with t, hence for each k  d(L) there exists a
largest positive integer fL(k) such that d(LfL(k))  k. Information about the behavior of
fL(k) is of relevance to several problems in the generation of ﬁnite and proﬁnite groups:
see, for example, [6].
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fL(k) =
⎧⎨
⎩
PL,N (k)|N |k
|CAut N (L/N)| if N
′ = N
logq(
|N |k−1
|H1(L/N,N)| ) if N ′ = 1, where q = |EndL/NN |.
Notice that when N is abelian, we can readily compute fL(k), but when N ∼= Sr is a
direct product of non-abelian simple groups S, the value of fL(k) depends on PL,N (k).
We therefore get the following corollary to Theorem 1.2. Note that throughout, all
logarithms are to base 2 unless otherwise speciﬁed.
Corollary 1.3. Let L be a monolithic primitive group with non-abelian socle N = Sr and
let d = d(L). Then there exists a 2-generated almost simple group Y with socle S, with
the property that
fL(d)  fY (2)
|N |d−1
r|S| .
In particular,
fL(d)  α
|N |d−1
r log |S|
where α = 1211680 log 20 160 > 1.029.
In Section 2 we prove Proposition 1.1 when d(X) = 2. In Section 3 we collect some
background material for the proof of Proposition 1.1 in the cases where d(X) = 2: in
particular we show that if d(X) = 3, then S is either a linear or an orthogonal group. In
Section 4 we prove Proposition 1.1 when S = Ln(q) and d(X) = 3, then in Section 5 we
prove the result when S = O+n (q) and d(X) = 3. In the last section we prove Corollary 1.3.
2. The 2-generator case
In this section we prove Proposition 1.1 for the case d(X) = 2. Given a non-abelian
simple group S and a prime divisor u of |S|, we deﬁne the number cu as follows: cu = 2u
if u2 does not divide |S|, otherwise cu = u2. Then we set
αu = max
{
cu, min
t∈S,|t|=u
{∣∣CS(t)∣∣}
}
.
Proposition 2.1. Let X be a 2-generated almost simple group with socle S. If
αu  |OutS|/PX,S(2)
for every prime divisor u of |S|, then X satisﬁes property P.
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Φ =
{
(s1, s2, s3) ∈ S3
∣∣ 〈g1s1, g2s2, s3〉 = X}
=
{
(s1, s2, s3) ∈ S3
∣∣ 〈g1s1, g2s2, s3〉  S}.
Note that, by Gaschütz [8], PX,S(3) = |Φ|/|S|3.
This set Φ contains the set
Φ1 =
{
(s1, s2, s3) ∈ S3
∣∣ 〈g2s2, s3〉  S}
whose cardinality is PY,S(2)|S2| · |S| = PY,S(2)|S|3 for Y = 〈g2, S〉 (the ﬁrst component
is free).
Moreover, Φ contains the set
Φ2 =
{
(s1, s2, s3) ∈ S3
∣∣ 〈g1s1, g2s2〉  S and 〈g2s2, s3〉  S}
where the second condition ensures that Φ1 ∩ Φ2 = ∅. Say
α = min
s2∈S
∣∣{s3 ∈ S ∣∣ 〈g2s2, s3〉  S}∣∣,
then |Φ2|  PX,S(2)|S2| · α. Therefore
PX,S(3) =
|Φ|
|S|3 
|Φ1|
|S|3 +
|Φ2|
|S|3
 PY,S(2) +
PX,S(2)α
|S|
so we are left to prove that PX,S(2)α|S| 
| Out S|
|S| , that is,
PX,S(2)α  |OutS|.
Given s2 ∈ S, we know that CS(g2s2) = {1}, since by [15] a simple group cannot have
a ﬁxed-point-free automorphism. Therefore, there exists a non-trivial element t ∈ S such
that g2s2 ∈ CX(t), and we can assume t to be of prime order, say u, by taking suitable
powers, if necessary.
If s3 ∈ NS(〈t〉), then 〈g2s2, s3〉  S, because 〈t〉 is centralized by g2s2 and normalized
by s3, and hence is normal in 〈g2s2, s3〉.
Thus
α  min
∣∣NS(〈t〉)∣∣  min∣∣CS(t)∣∣t∈P t∈P
E. Detomi et al. / Journal of Algebra 407 (2014) 413–433 417where P is a Sylow u-subgroup. If u2 divides |S|, then |NP (〈t〉)|  u2 so u2 divides
|NS(〈t〉)|. Otherwise, P = 〈t〉 is abelian and by Burnside’s normal p-complement theo-
rem, P is not self-normalizing, hence |NS(〈t〉)|  2u. 
By [14], PX,S(2)  1/2, and actually PX,S(2)  0.9 for all but a ﬁnite set S of
exceptions. The exceptions have socle one of: An (with 5  n  11), L2(q) (with 7 
q  11), L3(q) (with 3  q  4), S4(3), M11 or M12.
Lemma 2.2. Let X be a 2-generated almost simple group with socle S. If there ex-
ists a 2-generator almost simple group H with socle S such that PH,S(2) < 0.9, or if
|OutS|  4, then X satisﬁes property P.
Proof. The probabilities PH,S(2) for H ∈ S are listed in [14]. Furthermore, [14, Corollary
1.2] proves that PX,S(3)  139/150 for all almost simple groups X. Thus it is straight-
forward to check that if X contains a 2-generator almost simple group H with socle S
such that PH,S(2) < 0.9, then X satisﬁes property P.
Now assume that |OutS|  4 and X has no 2-generated subgroup with socle S
that belongs to S; in particular, PX,S(2)  0.9. By Corollary 4 in [10], all ﬁnite non-
abelian simple groups containing an element t such that |CS(t)| < 5 lie in S. Therefore
|CS(t)|  5 for every t ∈ S. Then |CS(t)|  5  10|OutS|/9  |OutS|/PX,S(2) for
every t ∈ S, hence by Proposition 2.1 the group X satisﬁes property P. 
Lemma 2.3. Let S be simple, with |OutS| > 4. Then α2  109 |OutS|.
Proof. Since |OutS| > 4 we deduce that |S|  |L2(27)| = 9828. In [1, Remark 2] it is
stated that for every non-abelian simple group S and any involution t we can bound
|S|  |CS(t)|3. Since |OutS|  67 log |S| (see [14]), it follows that |CS(t)|  |S|1/3 
10
9
6
7 log |S|  109 |OutS| for every involution t. 
Fix a type of simple algebraic group X of rank r over the algebraic closure of a ﬁnite
ﬁeld. Let σ be an endomorphism of X with ﬁxed point group Xσ of ﬁnite order. We will
write X(q) = Xσ if q is the absolute value of the eigenvalues of σ on the character group
of the maximal torus T of X.
Lemma 2.4. (See [7, Lemma 3.4].) Let C be the centralizer of an element in X(q), then
|C|  (q − 1)r.
In the remainder of this section we consider the families of simple groups S with the
property that |OutS| > 4 for at least one group in the family. In the majority of cases,
it suﬃces to use Lemma 2.4 to bound the order of an element centralizer in the simple
group, and hence to show that the conditions of Proposition 2.1 are satisﬁed; however
for a small number of groups we must calculate various values of αu explicitly.
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satisﬁes property P.
Proof. Recall that |OutS| = 2dh for n  3, and |OutS| = dh when n = 2, where q = ph
and d = (n, q − 1). By Lemma 2.2, we can assume that dh  2, and that PX,S(2)  0.9.
In particular, the case S = Ln(2) follows.
Let t ∈ S = Ln(q). We apply the previous lemma, with r = n − 1 and dividing by d
to pass from X(q) to the associated simple group, to deduce that |CS(t)|  (q−1)
n−1
d . By
Proposition 2.1 it suﬃces to prove that
(q − 1)n−1  209 d
2h if n  3
q − 1  109 d
2h if n = 2. (2)
Suppose ﬁrst that n = 2. If q = 2h then d = 1, and the result follows. Otherwise, if
q − 1 < 10d2h/9 then q ∈ {5, 9} and PX,L2(q)(2) < 0.9, contrary to assumption.
Now let n = 3, so that d  3. Our assumption on PX,S(2) implies that q  5. If
(q − 1)2 < 20h then q ∈ {5, 8}, but d = 1 for both of these q, so it suﬃces to verify that
(q − 1)2  20h/9, which is clear.
Let n  4. We use the fact that d  q − 1, hence (q − 1)n−1/d2  q − 1. For p = 2, if
2h −1 < 20h/9 then h < 3. Hence q = 22, and so (q −1)n−1 > 40d2/9 for n  4 (if n = 4
then d = 1). If p = 3 then 3h − 1  20h/9 whenever h  2; if h = 1, then |OutS|  4,
contrary to assumption. If p  5 then q − 1  5h − 1  20h/9 for every h. 
Lemma 2.6. Let X be an almost simple group with socle S = Un(q), n  3. Then X
satisﬁes property P.
Proof. Let t ∈ S = Un(q). Applying Lemma 2.4 with r = n − 1 and dividing by
d = (n, q + 1) to pass to the associated simple group, we get |CS(t)|  (q−1)
n−1
d . Since
|OutS| = 2dh, with q = ph, by Proposition 2.1 and Lemma 2.2 it suﬃces to prove that
(q − 1)n−1  209 d
2h (3)
for groups S with dh > 2 and PX,S  0.9.
Now d  n, hence if q > 2 then (q − 1)n−1/d2  (q − 1)n−1/n2  (q − 1)3−1/32. Then
(q − 1)3−1/32  209 h for q = 7 or q  9.
We now study the cases q = 2, 4, 8, 3, 5. Let q = 2. As h = 1, we can assume that 3
divides n (and n = 3, as U3(2) is not simple). Then 32 divides |S| = 1d2n(n−1)/2(22 −
1)(23 +1)(24 − 1)∏ni=5(2i − (−1)i), hence α3  9  (10/9)6 = (10/9)|OutS|. The same
holds for the other odd prime divisors u of |S|, since 2u  9, and we conclude from
Proposition 2.1 and Lemma 2.3.
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we can use GAP to check that αu  (10/9)20 for every odd prime divisor of S, and as
before we conclude from Proposition 2.1 and Lemma 2.3. If n  10, then (3) holds.
Let q = 8. If S = U3(8) then |OutS| = 18, and we use GAP to check that αu  20 for
all odd prime divisors u of |S|. If n  4, then (8−1)n−1/d2  7n−1/n2  73/16  (20/9)3
and (3) holds.
Let q = 3. As h = 1, we can assume that 4 | n. If S = U4(3), then |OutS| = 8 and,
as 32 divides |S|, we see that αu  9  (10/9)8 for every odd prime divisor u of |S|. If
n  8, then 27  (20/9)42  (10/9)2d2 and (3) holds.
Let q = 5. As h = 1, we can assume that 3 | n. If S = U3(5), then |OutS| = 6 and,
as 32 divides |S|, we see that αu  7  (10/9)6 for every odd prime divisor u of |S|. If
n  6, then 45  (20/9)62  (10/9)2d2 and (3) is satisﬁed. 
Lemma 2.7. Let X be an almost simple group with socle S = S2n(q) (n  2) or S =
O2n+1(q) (q odd and n  3). Then X satisﬁes property P.
Proof. Let t ∈ S. Applying Lemma 2.4 and dividing by d = (2, q − 1) to pass to the
associated simple group, we get |CS(t)|  (q−1)
n
d . Here d  2, and by Lemma 2.2 we
may assume that |OutS| = dh > 4, so h  3. It therefore suﬃces to prove that
(q − 1)n
h
 109 4 if q is odd
(2h − 1)n
h
 109 if q = 2
h > 24. (4)
If q is odd, then (q − 1)n/h  (q − 1)2/h  (33 − 1)2/3 > 40/9. Otherwise q = 2h and
(2h − 1)n/h  (23 − 1)2/3  10/9. Thus (4) is always satisﬁed. 
Lemma 2.8. Let X be a 2-generated almost simple group with socle S = O+2n(q), n  4.
Then X satisﬁes property P.
Proof. Let t ∈ S. Applying Lemma 2.4 and dividing by d = (4, qn − 1) to pass to the
associated simple group, we get |CS(t)|  (q−1)
n
d . Since |OutS| = 2dh for n  5 and
|OutS| = 6dh for n = 4, it suﬃces to prove that
(q − 1)n
d2h
 109 2 if n  5
(2h − 1)n
d2h
 109 6 if n = 4. (5)
Consider ﬁrst the case n  5. If q is odd, then (q−1)
n
d2h 
(ph−1)5
42h 
25h
16h 
20
9 whenever
h  2; if h = 1, then (5) is satisﬁed for either p  5 or p = 3 and n  6; ﬁnally, for
p = 3 and n = 5 we get d = (4, 35 − 1) = 2 and thus 25  2022 and (5) is satisﬁed.9
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(2h − 1)n/h  (2h − 1)5/h  (23 − 1)5/3 > 20/9.
Let n = 4. If q is odd and h  2 then (q−1)
4
d2h 
(ph−1)4
42h 
24h
16h 
20
3 . If h = 1, then
(5) is satisﬁed for p  5. If S = O+8 (3), then PX,S(2)  139/150, by [14, Remark 4.1],
so |OutS|/PX,S(2) < 26. A straightforward GAP calculation shows that NS(〈t〉)  26
whenever |t| is an odd prime, and the result follows from Lemma 2.3 and Proposition 2.1.
Finally, if n = 4 and q = 2h, then d = 1 and (5) is satisﬁed whenever h  2. If
S = O+8 (2), then |S| = 212 · 35 · 52 · 7 and (10/9)|OutS| < 7; thus αu  (10/9)|OutS|
for every odd prime u and we conclude as before. 
Lemma 2.9. Let X be a 2-generated almost simple group with socle S = O−2n(q), with
n  4. Then X satisﬁes property P.
Proof. Let t ∈ S. Applying Lemma 2.4 and dividing by d = (4, qn + 1) to pass to the
associated simple group, we get |CS(t)|  (q−1)
n
d . Since |OutS| = 2dh, it suﬃces to
prove that
(q − 1)n
d2h
 109 2, (6)
and by Lemma 2.2 we may assume that dh > 2 and PX,S  0.9.
If q is odd, then (q−1)
n
d2h 
(ph−1)4
42h 
24h
16h 
20
9 whenever h  2. If h = 1, then (6) is
satisﬁed for either p  5 or p = 3 and n  6. If p = 3 and n = 4 then d = 2, so 24  209 22
and again (6) is satisﬁed. If S = O−10(5), then (10/9)|OutS| < 9; since 32 divides |S| and
2 · 5 > 9, for every odd prime u we see that αu  9 for every odd prime u. The result
follows from Proposition 2.1.
Finally, if q = 2h then d = 1, so by assumption h  3, and (6) holds. 
Lemma 2.10. Let X be a 2-generated almost simple group with socle S. If S is a simple
group of exceptional type, then X satisﬁes property P.
Proof. Let t ∈ S. Applying Lemma 2.4 and dividing by d to pass to the associated simple
group, we get |CS(t)|  (q−1)
n
d . By Lemma 2.2 it suﬃces to prove that
(q − 1)n
d|OutS| 
10
9 , (7)
and we may assume that |OutS| > 4.
Let S = G2(q). Then d = 1 and |OutS|  2h, so h  3. Thus (q−1)
2
2h 
(2h−1)2
2h 
(23 − 1)2/6  10/9 and (7) is satisﬁed. The same argument holds for S = F4(q), since
d = 1, |OutS|  2h and n = 4.
Let S = 2B2(q). Then d = 1 and |OutS| = h, so h  5. Thus (q1/2 − 1)2/h 
(2h/2 − 1)2/h  (25/2 − 1)2/5  10/9 and (7) is satisﬁed. The same argument holds for
S = 2G2(q) and for S = 2F4(q).
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(q−1)4
3h 
(2h−1)2
3h  (22 − 1)2/6  10/9 and (7) is satisﬁed.
Let S = En(q), n = 6, 7, 8. Since d  (q − 1), h  (q − 1) and |OutS|  2dh, if
q  3 then (q−1)
n
2d2h  (q − 1)6−3/2  (3 − 1)3/2  10/9 and (7) is satisﬁed. If q = 2, then
|OutS|  2, contradicting our assumptions.
Finally, let S = 2E6(q). Then d = (3, q+1) and |OutS| = 2dh. As d  3 and h  q−1,
if q  3 then (q−1)
6
2·d2h 
(q−1)5
18  (3 − 1)5/18  10/9 and (7) is satisﬁed. If S = 2E6(2)
then (10/9)|OutS| < 7: since 32 divides |S| and 2 ·5 > 7, for every odd prime u dividing
|S| we get αu  7. The result follows from Lemma 2.3 and Proposition 2.1. 
3. Background material for the case d(X) = 3
In this section we collect some results and prove some elementary lemmas that will
be helpful in both of the next two sections.
Theorem 3.1. (See Häsä [9].) Let G be a ﬁnite almost simple classical group, of dimension
n over Fq. Let m(G) be the number of conjugacy classes of maximal subgroups of G that
do not contain socG. Then
m(G)  2n5.2 + n log log q.
Lemma 3.2. Let I be a ﬁnite set of positive integers, and let q  3. Then ∏i∈I(qi − 1) >
q−1+
∑
i∈I i.
Proof. We see that
∏
i∈I
(
qi − 1) = q∑i∈I i∏
i∈I
(
1 − q−i) > q∑i∈I i
∞∏
i=1
(
1 − q−i)
This product converges to a limit cq with 1/q < cq < 1. 
The following result will be used extensively, without repeated citations, throughout
Sections 4 and 5.
Proposition 3.3. Let q > 2.
(1) Let G = SLn(q). Then qn
2−2 < |G| < qn2−1.
(2) Let G = SUn(q). Then |G| < qn2−1.
(3) Let G = Spn(q). Then |G| < q(n
2+n)/2.
(4) Let G+ = SO+n (q). Then qn
2/2−n/2−1 < |G+| < q(n2−n)/2.
(5) Let G− = SO−n (q)n−q. Then qn
2/2−n/2−1 < |G−| < 2q(n2−n)/2.
(6) Let G◦ = SO◦n(q). Then |G◦| < q(n
2−n)/2.
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and the lower bound follows from Lemma 3.2.
(2) We use |G| = qn(n−1)/2∏ni=2(qi − (−1)i). Note that (q2k − 1)(q2k+1 + 1) < q4k+1
for all k. Thus if n is odd then |G| < qn(n−1)/2∏(n−1)/2i=1 q4i+1 = q(n2−n)/2+(n2+n−2)/2.
The result for n even is similar.
(3) This follows easily from |G| = qn2/4∏n/2i=1(q2i − 1).
(4) and (5) We use |G±| = qn(n−2)/4(qn/2 ∓ 1)
∏n/2−1
i=1 (q2i − 1). For the upper bound
for G−, note that qn/2 + 1 < 2qn/2. For the lower bound, use Lemma 3.2.
(6) This follows easily from |G◦| = q(n−1)2/4
∏(n−1)/2
i=1 (q2i − 1). 
The following lemma follows straightforwardly from [3].
Lemma 3.4. Let X be almost simple with socle S a classical group. If d(X) = 3, then n
is even and at least four, and q is an even power of an odd prime. Furthermore, either
S = Ln(q) and X  PΓLn(q), or n  8 and S = O+n (q).
Lemma 3.5. Let X be almost simple with socle S. Let M be the set of maximal subgroups
of X that supplement S, up to X-conjugacy. Then
PX,S(l)  1 −
∑
M∈M
1
|S : M ∩ S|l−1 .
Furthermore, if M = M1 ∪ M2 and
∑
M∈M1 |M |  m, then
PX,S(l)  1 − m
l−1
|X|l−1 −
∑
M∈M2
1
|S : M ∩ S|l−1 .
Proof. The proof of the ﬁrst claim is a routine calculation, using the fact that if l elements
of X fail to generate X, but do project onto generators for X/S, then they must lie in
some maximal subgroup of X that supplements S. For the second, rewrite 1/[S : M ∩S]
as |M |/|X|. 
4. The linear groups X with d(X) = 3
In this section we prove that if X is almost simple with socle S = Ln(q), and d(X) = 3
(so that q  9), then X has property P. We ﬁx this notation and these assumptions
throughout this section.
The following is a straightforward calculation.
Lemma 4.1. The value of |OutS|/|S| is less than q−(n2−5).
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PS(2)  1 − (q − 1)
2
(qn − 1)2  1 −
4
q2n−1
.
Proof. The group S has a permutation action on (qn − 1)/(q − 1) points, and hence a
maximal subgroup of the same index. For the ﬁnal inequality, use (qn−1 + · · · + 1)2 <
2q2n−2. 
Lemma 4.3. The group X has at most n(5+logn+log log q) conjugacy classes of geometric
maximal subgroups.
Proof. The group X  PΓLn(q), by Lemma 3.4. We use [12, Table 3.5.A] to count
the geometric maximal subgroups of X, up to X-conjugacy. There are at most n − 1
C1-subgroups, n/2 C2-subgroups, logn C3-subgroups, (
√
n− 1)2 C4-subgroups, n log log q
C5-subgroups, no C6-subgroups (since q is an odd square), n log n C7-subgroups, and 5n/2
C8-subgroups. Since n  4 we may simplify using logn 
√
n. 
Lemma 4.4. Assume that n  8. Then the largest maximal subgroup of X that supple-
ments S is geometric and has index (qn −1)(qn−1 −1)/(q−1)2. Furthermore, the largest
non-geometric maximal subgroup of X has index at least qn2−3n−3.
Proof. We take the classiﬁcation of geometric subgroups of X from [12, Table 3.5.A]. We
will work in SLn(q), since the formulae for the subgroup orders are more straightforward.
Consider ﬁrst the C1-subgroups. By Lemma 3.4, the group X  PΓLn(q), so the
parabolic subgroups Pi are not maximal in X unless i = n/2, in which case they
have order less than qn2/4|SLn/2(q)|2(q − 1) < q3n2/4−1 < qn2−2n. The subgroup of
type Pk,n−k has order qk(2n−3k)|SLk(q)|2|SLn−2k(q)|(q − 1)2, so the index of P1,n−1 fol-
lows from Proposition 3.3, and |Pk,n−k| < qn2−2nk+3k2−1. Since n  2k, |Pk,n−k| 
|P1,n−1|. The completely reducible subgroup of type GL1(q) ⊕ GLn−1(q) has or-
der q(n2−3n+2)/2
∏n−1
i=1 (qi − 1) < |P1,n−1|, whilst for k  2 the subgroups of type
GLk(q) ⊕ GLn−k(q) have order |SLk(q)||SLn−k(q)|(q − 1) < qn2−2nk+2k2−1 < qn2−2n.
A C2-subgroup has order |SLn/t(q)|t(q − 1)t−1t! < q(n2/t)−1tt for some divisor t > 1
of n. It suﬃces to show that n2(t−1)/t+1  2n+t logq t. Now t  2, so n2(t−1)/t  n2/2.
Furthermore, t  n and q  9 so 2n+ t logq t < n log2 n, whilst n2/2+ 1 > n logn for all
n  8.
The C3-subgroups have order at most |GLn/r(qr)|.r < qn2/r+r < qn2−2n, for some
prime divisor r of n. The C4-subgroups have order less than |GLk(q)||GLn/k(q)| <
qn
2/k2+k2 < qn
2/4+n < qn
2−2n, since k  2. The C5-subgroups have order at most
|SLn(q0)|(q − 1) < qn2/2+1 < qn2−2n, since qr0 = q with r > 1. Class C6 is empty as q is
a square.
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r <
√
n, it suﬃces to prove that rn2/r + r logq r  n2 − 2n. Now r logq r < (1/3)r log2 r,
so rn2/r + r logq r < n3/2 + (1/6)n1/2 logn < 2n3/2, and the result follows.
In class C8, the symplectic groups have order less than qn2/2+n/2+1, and are larger
than the orthogonal groups. The unitary groups have order at most |SUn(q1/2)|(q−1) <
qn
2−2n.
Finally, by [13], if a subgroup H of X is not geometric, then either H has socle An+1
or An+2 (which would imply that H preserves a non-degenerate form, and hence is
non-maximal: see for instance [11, Table 2(a)]), or |H| is at most q3n. Since n  8 this
is less than qn2−2n−1. 
Theorem 4.5. Let n  8. Then X satisﬁes property P.
Proof. We use Lemma 3.5: group together ﬁrst the geometric maximal subgroups of S,
using Lemma 4.3 and the ﬁrst part of Lemma 4.4, and then the non-geometric maximal
subgroups, using Theorem 3.1 and the second part of Lemma 4.4.
PX,S(3)  1 − n(5 + logn + log log q)(q − 1)
4
(qn − 1)2(qn−1 − 1)2 −
2n5.2 + n log log q
q2n2−6n−6
 1 − q
log n(q + log(qlog n) + q)
(qn−1 + · · · + 1)2(qn−2 + · · · + 1)2 −
2q5.2 log9 n + qlog9 n+1
q2n2−6n−6
 1 − q
2 log n
q2(2n−3)
− 2q
2 log n
q2n2−6n−6
 1 − q−2(2n−log n−3) − q−(2n2−7n−6).
Then by Lemma 4.2,
PX,S(3) − PS(2)  4
q2n−1
− 1
q2(2n−log n−3)
− 1
q2n2−7n−6
>
1
qn2−5
.
The result then follows from Lemma 4.1. 
We ﬁnish this section by considering the cases not covered by Theorem 4.5.
Proposition 4.6. Let n = 4. Then X satisﬁes property P.
Proof. First we show that
PX,S(3)  1 − 5(q − 1)
2
(q2 + 1)2(q3 − 1)2 (8)
By Lemma 3.4, the group X  PΓL4(q), and q  9. We work in SL4(q). We shall divide
the conjugacy classes of maximal subgroups of X that supplement S into ﬁve sets, each
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We take the list of maximal subgroups of X from [2, Tables 8.8 and 8.9].
There is one conjugacy class of C1-subgroups of each type. The subgroups of type
P2 have order q6(q − 1)(q2 − 1)2 > q10, and hence index (q3 − 1)(q2 + 1)/(q − 1). The
subgroups of type P1,3 have order less than q10. The subgroups of type GL1(q)⊕GL3(q)
have order less than q9.
There are two classes of C2-subgroups, of combined order less than q8. There is one
class of C3-subgroups, of order less than q8.
There are at most 4 log log q classes of C5-subgroups, of combined order at most
16(log log q)q3(q − 1)(q3/2 − 1)(q2 − 1) < q10.
There are at most two classes of symplectic groups, of combined order at most 4q4(q2−
1)(q4 − 1) < |P2|, since q  9. There are at most four classes of unitary groups, of
combined order at most 16(q1/2)15 < q9, by Proposition 3.3. There are at most four
classes of orthogonal groups, with total order sum less than 32q6 < q8 by Proposition 3.3.
Since q is not prime, there are no further maximal subgroups.
Our ﬁrst set of subgroups contains only P2; our second contains P1,3; our third contains
the subgroup of type GL1(q) ⊕ GL3(q), the C2- and the C3-subgroups, the unitary and
the orthogonal subgroups; our fourth is the C5-subgroups; and our ﬁfth is the symplectic
subgroups. Eq. (8) is now proved.
By Lemma 4.2
PX,S(3) − PS(2)  (q − 1)
2((q3 − 1)2 − 5(q2 − 1)2)
(q3 − 1)2(q4 − 1)2 >
(q − 1)2(q6 − q5)
q14
.
The result now follows from Lemma 4.1. 
Proposition 4.7. Let n = 6. Then X satisﬁes property P.
Proof. First we show that
PX,S(3)  1 − 3q−16 (9)
We take the lists of maximal subgroups of X from [2, Tables 8.24 and 8.25]. As before, we
shall work in SL6(q). We shall divide the conjugacy class representatives of the maximal
subgroups into three sets, such that the sum of the orders of the subgroups in each set
is at most q26. Proposition 3.3 then implies (9).
There is one class of each type of C1-subgroup. The subgroup P3 has order less than
q26, and forms the ﬁrst set on its own. The subgroup P1,5 has order less than q26, and
forms the second set on its own.
The remaining groups all form one set. The subgroup P2,4 has order less than q23.
The subgroup of type GL1(q) ⊕ GL5(q) has order less than q25. The subgroup of type
GL2(q) ⊕ GL4(q) has order less than q19.
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type. The C2-subgroups of types GL1(q)  S6, GL2(q)  S3 and GL3(q)  S2 have order less
than q8, q12 and q18, respectively, since q  9. The C3-subgroups of types GL3(q2) and
GL2(q3) have order less than q18 and q12, respectively. The C4-subgroups have order less
than q11.
Now consider the C5-subgroups. There are at most 6 log log q classes, each of order at
most 6q35/2. Thus we bound the sum of their orders by q20.
Next we consider the C8- and C9-subgroups. There are at most six classes of orthogonal
groups, of total order less than q17. There are at most three classes of symplectic groups,
of total order at most q22. There are at most six classes of unitary groups, of total order
at most q20. Since d(X) = 3, the C9-subgroups have order sum less than 4|SL3(4)| < q10,
so (9) now follows.
The result is now immediate from Lemmas 4.1 and 4.2. 
5. The orthogonal groups X with d(X) = 3
Throughout this section, we let S = Ω+n (q) for n  8, and let S = S/Z(S) be
the corresponding simple group. We let X be almost simple with socle S, and assume
throughout that d(X) = 3. Note that this implies that q  9. We shall show that X has
property P. Information about the maximal subgroups of X is taken from [12] and [2,
Chapter 2].
The following is a straightforward calculation, using Proposition 3.3.
Lemma 5.1. The value of |OutS|/|S| is less than q−(n2/2−n/2−3).
Lemma 5.2. The probability PS(2) is bounded above by
PS(2)  1 −
2(q − 1)2
(qn−1 + qn/2 − qn/2−1 − 1)2 +
1
q4n−10
.
Proof. The group S has a permutation action on (qn/2 − 1)(qn/2−1 + 1)/(q − 1) points,
on the cosets of the parabolic P1. Here P1 is the stabilizer of a totally singular 1-space
〈v1〉, and has shape [qn−2].( q−12 × Ω+n−2(q)).2.
Let g ∈ S send v1 to v2 ∈ 〈v1〉⊥ \〈v1〉. Then K := P1∩P g1 has shape [q1+2(n−4)].(((q−
1)/2)2 × Ω+n−4(q)).22. Thus
[S : K] = q
(
qn/2 − 1)(q(n−4)/2 + 1)(qn−2 − 1)/(q − 1)2  q2n−5,
since n  8 and q  9. If two elements of S both lie in P1, or in P g1 , then they do
not generate S. Thus PS(2)  1 − [S : P1]−2 − [S : P g1 ]−2 + [S : K]−2, and the result
follows. 
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in S of the intersection of various classes of maximal subgroups of X with S, up to
X-conjugacy. We describe this as their ‘contribution to the subgroup order sum’.
Lemma 5.3. The contribution to the subgroup order sum of the maximal subgroups
P2, P3, . . . , Pn/2 is at most (1/2)qn
2/2−39n/16+7 when n  14, and at most q51 when
n = 12.
Proof. There is one class of each Pk except when k  n/2 − 1. When k = n/2 there are
two or no classes, depending on X/S, and when k = n/2 − 1 there are no classes or one
class, with the same conditions on X/S.
If k < n/2, then
|Pk| = qk(n− 1+3k2 )
∣∣GLk(q)∣∣∣∣Ω+n−2k(q)∣∣ < 1/2q(n2−n−2nk+k+3k2)/2, (10)
whilst |Pn/2| is half of this.
For n = 12 the result now follows from (10) and a routine calculation, so assume for
the rest of the proof that n  14. There are at most n/2 − 1 classes, and we claim that
each group has order less than (1/2)qn2/2−5n/2+7. Since n/2 − 1 < qn/16 for these n
and q, the result will follow.
For k = 2 the claim follows from (10). For other k, it suﬃces to show
(
n2 − 5n + 14)− (n2 − n − 2nk + k + 3k2) = −3k2 + k(2n − 1) − 4n + 14  0.
The left hand side is a quadratic in k with negative k2 coeﬃcient, which is positive when
k = 3, and non-negative when k = n/2, so it must be positive for all values of k in
between. 
Lemma 5.4. Let K be the groups of type GOm(q) ⊥ GOn−m(q), with m  2. The contri-
bution of K to the subgroup order sum is at most qn2/2−9n/4+4.
Proof. If m is odd then there are up to two conjugacy classes, whilst if m is even then
there is one class with  = + and one with  = −.
Each group has size at most |SOm(q)||SOn−m(q)|  4q
1
2 (n
2+2m2−n(2m+1)). Substi-
tuting m + 1 in place of m, and using 2m  n − 2, shows that this decreases with
increasing m, so is bounded above by 4q 12 (n2−5n+8). Bounding 4(n− 4) by qn/4 gives the
result. 
Lemma 5.5. The contribution of the C2-subgroups to the subgroup order sum is less than
q8n
2/25+n+1 when n  14, and less than q37 when n = 12.
Proof. The result for n = 12 is a straightforward calculation, using [2, Table 8.82], so
assume n  14.
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 Sn or GOn/2(q)2. There are at
most two classes of type GLn/2(q), each of order at most 2qn
2/4.
This leaves only type GOm(q)  St, where n = mt with m > 1. For each m there are
at most two classes, and the group order is bounded above by
∣∣SOm(q)∣∣t22(t−2)t! < qn(m−1)/222(t−2)t!
< qn(n/t−1)/2t2t = qn(n/t−1)/2+2t logq t
< qn(n/4−1/2+2 log9 n) < qn(8n/25+15/16).
The number of choices for t is at most n/2 − 1  qn/16. Thus the total contribution of
these groups is 2q8n2/25+n. The result follows. 
Lemma 5.6. The contribution of the C3-subgroups to the subgroup order sum is less than
qn
2/4+1.
Proof. If n ≡ 0 mod 4, then there are up to two classes of groups of order at most
(q + 1)|SUn/2(q)| < 2qn2/4. Conversely, if n ≡ 2 mod 4, then there are up to two classes
of groups of order at most 2|SO◦n/2(q2)| < 2qn
2/4−n/2. Thus these two types contribute
at most 4qn2/4 between them.
The remaining type is GO+n/s(qs). For s = 2 there are up to two classes, of order at
most 2|SO+n/2(q2)| < 2qn
2/4−n/2. For odd s there are log n < 23qn/2 classes, each of order
at most 3|Ω+n/3(q3)| < 32qn
2/6−n/2. So for s odd the order sum is at most qn2/6. Thus the
C3-groups contribute less than 5qn2/4 + qn2/6, as required. 
Lemma 5.7. The contribution of the C4 ∪ C7-subgroups to the subgroup order sum is at
most qn2/8+n/2+3.
Proof. We work our way through the types of C4- and C7-subgroups. Consider ﬁrst type
Spm(q)⊗Spn/m(q). When these groups are maximal, there are two classes. Since both m
and n/m are even, and m <
√
n, there are at most n/8 possible m. Each group has order
at most |Spm(q)||Spn/m(q)| < q
1
2 (m
2+m+n2/m2+n/m). Substitute m + 2 for m, and use
m(m+2)  n, to see that this is non-increasing with m, and so is maximal when m = 2.
Thus the sum of the group orders is less than (n/4)qn2/8+n/4+3 < (1/2)qn2/8+n/2+3.
Consider next type GO1n1(q) ⊗ GO2n2(q). Here n1  4 with n1 even, n2  3 and
n1n2 = n. If n2 is odd then 1 = + and there is a unique conjugacy class, so there are at
most n/4 groups. Otherwise (1, 2) is (+,+), (+,−) or (−,−). If 1 = 2 then without
loss of generality n1 <
√
n, and since n  24 for this type to exist we deduce n1 < n/4.
For each such n1 we get up to two classes of each type. If (1, 2) = (+,−) then n1
and n2 are even, so there are at most n/4 possible n1, and for each n1 we get up to
two classes. So we have found at most 7n/4 classes of groups. Each group has order at
most 2|SO1m(q)||SO2 (q)| < 8qm
2/2−m/2+n2/2m2−n/2m. Substituting m + 1 for m givesn/m
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√
n, so the maximum of this bound is when m = 3.
Thus we bound the sum of the group orders by 7n/4 · 8qn2/18−n/6+3 < qn2/18+n/6+3.
Consider next the C7-subgroups, which are only maximal when t  3. For type Spm(q)
St, we require t = 2 for maximality, so we ﬁnd one class, of order at most |Sp√n(q)|2 <
qn+
√
n. For type GO+m(q)  St, when t = 2 there is one class, of order |SO+√n(q)|2 · 2 <
2qn−
√
n, and when t = 3 there are two classes, of total order at most 96|SO+
n1/3
(q)|3 <
q3/2n
2/3−3/2n1/3+2. For type GO−m(q)  St, when t = 2 there are at most two classes, of
total order at most 8|SO−√
n
(q)|2 < qn−√n+2, and when t = 3 there are at most two
classes, of total order at most 96|SO−
n1/3
(q)|3 < q3/2n2/3−3/2n1/3+4. The order sum of the
non-symplectic groups is less than 12qn+
√
n, so the total contribution from C7-subgroups
is less than qn+
√
n+1. The result follows. 
Lemma 5.8. The contribution of the C5-subgroups of X to the subgroup order sum is at
most qn2/4−n/4+2.
Proof. There are at most two classes of types GO−n (q1/2) and GO+n (q1/2), and log log q
of type GO+n (q1/r). Groups of type GO−n (q1/2) have order at most 2|SO−n (q1/2)| <
4qn2/4−n/4, whilst groups of type GO+n (q1/2) have order at most 2|SO+n (q1/2)| <
2qn2/4−n/4. Type GO+n (q1/r) has group order at most qn
2/6−n/6, since r  3. Thus we
bound the sum by 12qn2/4−n/4 +(log log q)qn2/6−n/6  qn2/4−n/4+3/2 + qn2/6−n/6+1. 
Lemma 5.9. The contribution of the C2 ∪ · · · ∪ C9-subgroups to the subgroup order sum is
at most 2q8n2/25+n+1 when n  14, and at most 2q44 when n = 12.
Proof. We ﬁrst consider n = 12. By Lemma 5.5 the sum of the orders of the maximal
C2-subgroups is at most N := q8n2/25+n+1. We divide the remaining maximal subgroups
under consideration into four sets, which in total sum to N .
The ﬁrst is the maximal C3-subgroups, which by Lemma 5.5 have order summing to
qn
2/4+1. The second is the maximal C4 ∪ C7-subgroups, which by Lemma 5.7 have order
summing to qn2/8+n/2+3. The fourth is the maximal C5-subgroups, which by Lemma 5.8
have order summing to qn2/4−n/4+2.
The ﬁnal set is the maximal C9-subgroups. By [13] any such subgroup of X either
has order at most q3n (in X) or is almost simple, with socle An+1 or An+2. The groups
with socle An+1 or An+2 arise only over prime ﬁelds. By Theorem 3.1 there are at most
2n5/2 + n log log q classes of subgroups, and 2n5/2 + n log log q < q2n/3/2 since n  12
and q  9. So the sum of the orders of the maximal C9-subgroups is at most q3n+2n/3.
Classes C6 and C8 are empty, so the result for n  14 follows. For n = 12 we perform
a similar calculation, but using the more precise value in Lemma 5.5, and noting that
the largest contribution is from Class C9. 
Theorem 5.10. Let n  12. Then X satisﬁes property P.
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the groups of type P1 and GO1(q) ⊥ GOn−1(q), and three sets of groups, namely the
remaining parabolic subgroups, the remaining completely reducible subgroups, and all
other maximal subgroups.
If n  18, then 2q8n2/25+n+1+ 12qn
2/2−39n/16+7 < qn
2/2−9n/4+4, so we use Lemmas 5.3,
5.4 and 5.9 to bound the sum of the three sets of groups by 2qn2/2−9n/4+4. If n ∈
{12, 14, 16} then we bound the sum of the orders of these groups by 2q51, 3q78/2 and
q99, respectively.
The parabolic group P1 has order qn−2(q − 1)|Ω+n−2(q)|, and there are two classes of
groups of type GO1(q) ⊥ GOn−1(q) each of order |SOn−1(q)|.
Thus, using Proposition 3.3, for n  18 we calculate
PX,S(3)  1 −
(
qn−2(q − 1)|Ω+n−2(q)|
|Ω+n (q)|
)2
− 2
( |SOn−1(q)|
|Ω+n (q)|
)2
−
(
2qn2/2−9n/4+4
1
2q
n2/2−n/2−1
)2
 1 − (q − 1)
2
(qn−1 + qn/2 − qn/2−1 − 1)2 −
8
qn−2(qn − 2qn/2 + 1) −
16
q7n/2−10
.
The result then follows from Lemmas 5.1 and 5.2. For n ∈ {12, 14, 16} we carry out a
similar calculation. 
Proposition 5.11. Let n = 10. Then X satisﬁes property P.
Proof. We use [2, Tables 8.66 and 8.67]. Consider ﬁrst the parabolic subgroups, of which
there is one class of each. The group P1 has order less than 12q37, whilst the orders of P2,
P3 and P4 are less than 12q32,
1
2q
30, and 12q31, respectively. The group P5 is non-maximal,
since d(X) = 3.
Consider next the completely reducible subgroups. We shall multiply the order of the
stabilizers of odd-dimensional subspaces by 2, since there are at most two classes. Thus
the sum of the orders of the groups of type GO1(q) ⊥ GO9(q), GO±2 (q) ⊥ GO±8 (q),
GO3(q) ⊥ GO7(q) and GO±4 (q) ⊥ GO±6 (q) are less than 2|SO9(q)|, 5q29, 2q24 and 5q21,
respectively. We bound the sum of the last three of these by q30.
Moving on to the C2-subgroups, type GO+2 (q)S5 contributes less than 960|SO+2 (q)|5 <
q9. The order sum for types GO5(q)  S2 and GO5(q)2 is less than 4|SO5(q)|2 < 4q20.
There is one class of groups of type GL5(q).2, of order at most q25. There are at most
two classes of C3-subgroups, of combined order less than 4q20. There are at most log log q
classes of C5-subgroups of type Ω+10(q0), of combined order at most q16. There are two
classes of groups of each of the types SO±10(q1/2), of combined order at most 2q45/2 < q23.
These complete the maximal subgroups of X. Thus the sum of the C2-, C3- and
C5-subgroups of X is at most 2q25, and so the sum of the orders of all maximal subgroups
of X, up to X-conjugacy, is |P1|+2|SO9(q)|+q32. The result now follows from Lemmas 5.1
and 5.2. 
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8.50], and it may help the reader to consult this table.
Lemma 5.12. Let n = 8. Then
PS(2)  1 −
4(q − 1)2
(q3 + 1)2(q4 + 1)2 +
6
q22
Proof. Let the basis of the natural vector space be e1, . . . , e4, f4, . . . , f1, so that the
bilinear form has antidiagonal matrix with all nonzero entries 1. The group S has a
permutation action on (q3 + 1)(q4 − 1)/(q − 1) points, on the cosets of H1 = S〈e1〉, of
shape [q6].( q−12 ×Ω+6 (q)).2. For i ∈ {2, 3, 4}, let Hi be the conjugate of H that stabilizes
〈ei〉.
If i = j then Hij := Hi ∩ Hj has shape
[
q9
]
.
((
(q − 1)/2)2 × Ω+4 (q)).22.
Thus [S : Hij ] = q(q2 +1)(q3 + q2 + q +1)(q5 + · · · +1) > q11. Furthermore, if i, j, k are
distinct then Hijk := Hi ∩ Hj ∩ Hk has shape
[
q9
]
.
((
(q − 1)/2)3 × Ω+2 (q)).23
and so has index q3(q + 1)(q3 + q2 + q + 1)2(q5 + · · · + 1) < q16 in S. The group
H1234 = H123 ∩ H4 has shape [q6].((q − 1)/2)4.23 and so has index q6(q + 1)(q3 + q2 +
q + 1)2(q5 + · · · + 1) > q18 in S.
Hence
PS(2)  1 − 4[S : H1]−2 + 6[S : H12]−2 − 4[S : H123]−2 + [S : H1234]−2
 1 − 4(q − 1)2(q3 + 1)−2(q4 − 1)−2 + 6q−22 − 4q−32 + q−36
 1 − 4(q − 1)2(q3 + 1)−2(q4 − 1)−2 + 6q−22
and the result follows. 
Proposition 5.13. Let n = 8. Then X satisﬁes property P.
Proof. We shall work through the 42 rows of [2, Table 9.50], and divide the maximal sub-
groups of X that complement S into three families: the groups that are AutS-conjugate
to P1, the groups that are AutS-conjugate to the C1-subgroups of type GO1(q)⊕GO7(q),
and the rest. The result will then follow from Lemmas 3.5, 5.1 and 5.12.
Rows 3, 9, 10, 11, 14, 17, 20 to 24, 30, 32, and from 35 onwards, do not occur for
d(X) = 3, so can be excluded from our calculations.
Rows 1 and 2 describe the groups that are AutS-conjugate to P1. The sum of the
squares of the reciprocals of their indices is 3(q − 1)2/((q3 + 1)2(q4 − 1)2).
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of the reciprocals of their indices is less than 24/(q6(q4 − 1)2).
Rows 4 to 6 describe C1-subgroups, of total order less than 2q19. Rows 12 and 13
describe C1-subgroups, of total order less than 3(q − 1)q15. Rows 15 and 16 describe
C1-subgroups, of total order less than 3(q + 1)q15. These four rows describe groups of
total order less than 6q16. Rows 18 and 19 describe C1-subgroups, of total order less than
6q13.
Rows 25 and 26 describe C2-subgroups of total order less than 1732q4 < q8. Rows 27
to 29 describe C2-subgroups of total order less than 8q12 < q13.
Row 31 is C5-subgroups, of total order less than log log q(q1/3)28/2 < q10. Rows 33
and 34 describe C5-subgroups, of total order less than 12q14.
We bound the sum of the orders of the class representatives of all of the maximal
subgroups of X that supplement S, other than those that are AutS-conjugate to groups
of type P1 or GO1(q) ⊕ GO7(q), by 3q19. Thus the sum of the squares of the reciprocals
of their indices is at most 36/q16, and the result follows. 
6. Proof of Corollary 1.3
Proof of Corollary 1.3. Let N = S1 × · · · × Sr, set X = NL(S1)/CL(S1), and identify S
with soc(X). By [4, Theorem 2.7] we know that fL(d) = PL,N (d)|N |
d
|CAut N (L/N)| , where d = d(L).
By Proposition 1.1, there exists a 2-generated group Y with S  Y  X such that
PL,N (d)  PY,S(2). In [5, proof of Lemma 1] it is shown that
∣∣CAut N (L/N)∣∣  r|S|r−1∣∣CAut S(X/S)∣∣.
Thus |CAut N (L/N)|  r|S|r−1|CAut S(Y/S)| and
fL(d) =
PL,N (d)|N |d
|CAut N (L/N)| 
PY,S(2)|N |d
r|S|r−1|CAut S(Y/S)| . (11)
Now fY (2) = PY,S(2)|S|
2
|CAut S(Y/S)| by [4, Theorem 2.7], so that (11) becomes
fL(d)  fY (2)
|N |d−1
r|S|
and the ﬁrst part of the corollary is proved.
The second part of the corollary follows from (11), an explicit calculation using [14,
Table 1] of PY,S(2)/|OutS| for those groups Y with PY,S(2)  0.9, and the bound
|OutS|  6/7 log |S| given in [14, Lemma 2.1] for the general case. 
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